Global real estate investments have been one of the popular investment areas since developments in transportation vehicles among countries, significant reduction in travelling costs, and suitable legal arrangements for purchasing real estates in a foreign country have made it attractive. This investment decision is composed of three stages: Selection of a country, selection of a city, and selection of a district for a real estate. Since the selection process includes uncertain and vague evaluations under multiple criteria, a fuzzy multicriteria evaluation method is needed. In this paper we use interval-valued intuitionistic fuzzy sets to model this multicriteria and multiexpert problem.
Introduction
Investing in real estate includes the purchase, ownership, management, rental and/or resale of real estate for profit. Globalization causes a significant increase in cross-border and cross-continental movements of people. They can now travel faster and regularly visit what used to be very remote parts of the world. This human mobility has brought to mind the purchase of a house or an apartment in the countries often visited. Becoming a citizen of another country is now much easier relative to the past. In addition, retirees often image living in another country suitable to their budget and health conditions. The decision making process related to real estate investments requires to evaluate the problem from different perspectives considering many factors from social to economic and from intangible to tangible. Therefore, the worldwide real estate investment making problem is a typical multicriteria decision making (MCDM) problem requiring careful assessment of alternatives and evaluating a wide variety of criteria such as Environment & Climate, Geographical location, Spoken language and Development level to make an appropriate decision. This decision includes a variety of stages ranging from country selection to city selection and real estate district selection decisions. Every stage requires linguistic evaluations rather than exact numerical values because of uncertainties and subjectiveness in the evaluations of human beings.
The fuzzy set theory is an excellent tool to handle the uncertainty in case of insufficient data. Its principals are similar to human beings' thinking style. Ordinary fuzzy sets have recently been extended to hesitant fuzzy sets, intuitionistic fuzzy sets, type-2 fuzzy sets, nonstationary fuzzy sets, and fuzzy multisets (Rodriguez et al., 2012) . The most used extensions among these are hesitant fuzzy sets and intuitionistic fuzzy sets. Hesitant Fuzzy Sets (HFS) were introduced by Torra (2010) as a new extension of fuzzy sets, motivated for the common difficulty that often appears when the membership degree of an element must be established. This difficulty is very usual in decision making when an expert might consider different degrees of membership of an element x in the set A (Rodriguez et al., 2012 ).
An intuitionistic fuzzy set (IFS) has three functions to define it: the membership function, the nonmembership function and the hesitancy function. Atanassov and Gargov (1989) proposed interval-valued intuitionistic fuzzy sets theory (IVIFS), which is a generalization of both interval valued fuzzy sets and intuitionistic fuzzy sets. Their concept is characterized by a membership function and a non-membership function whose values are intervals rather than a real number. IVIFS is more powerful in dealing with vagueness and uncertainty than IFS (Broumi and Smarandache 2014).
In the literature, there are many MCDM methods for the selection among multiple alternatives such as analytic hierarchy process (AHP) (Saaty, 1980) , Technique Ordered Preference by Similarity to the Ideal Solution (TOPSIS) (Hwang and Yoon, 1981) , Multi-criteria optimization and compromise solution (VIKOR) (Opricovic and Tzeng, 2004) , ELimination and Choice Expressing the Reality (ELECTRE) (Roy, 1991) , Preference Ranking Organisation MeTHod for Enrichment Evaluations (PROMETHEE) (Brans, 1982) and Analytic Network Process (ANP) (Saaty, 2006) . The extensions of these methods have been developed under fuzziness and already published in the literature. However, in this paper we focus on pairwise comparisons of criteria as in AHP method by using interval-valued intuitionistic fuzzy sets. Later, the evaluations of alternatives are based on interval-valued intuitionistic Simple Additive Weighting method utilizing aggregation operators.
16th
The originality of this paper comes from the evaluation of international real estate investment decision by constructing the problem as a multi-stage decision making problem. The proposed methodology consists of three stages which are country selection, city selection and real estate district selection. However, in this study, only real estate district selection decision in a predetermined city is realized by using interval-valued intuitionistic fuzzy sets. We used a new methodology based on intuitionistic fuzzy Simple Additive Weighting method and intuitionistic pairwise comparisons. The rest of the paper is organized as follows: Section 2 gives brief information about literature review on real estate investment decision. Section 3 presents the basics of intervalvalued intuitionistic fuzzy sets while Section 4 gives the steps of the fuzzy multicriteria method. Section 5 demonstrates the application of the methodology. In the last section, conclusion remarks and future research directions are included. Lin and Lin (2013) present a novel approach for evaluating real estate purchases in Taipei. The proposed approach focuses on encouraging purchases to achieve better housing performance and supporting homebuyers in housing comparison and selection decisions. The proposed approach compares the features of different houses by integrating the Fuzzy Geographic Information Systems (GIS) method with an Analytic Hierarchy Process (AHP). The comprehensive evaluation of uncertainty variable data includes 20 housing performance indicators selected from a review of existing models, and GIS. The weights of each category and indicator are calculated by employing AHP analysis.
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Xue (2005) makes an analysis on the risk in real estate development using project risk management theory and setting real estate developer as main exploring object. In the study, the risk element weight is also determined. The paper also provides an idea for building a real estate development multi-layer fuzzy comprehensive evaluation model. The paper makes comparisons the purposed method with AHP method and highlights the advantages of the proposed method.
Taking the above references into account, we determine the following evaluation criteria for making a preference among real estate district alternatives: purchasing cost, expected increase in its value, neighborhood, closeness to hospitals, closeness to transportation vehicles, closeness to schools, and closeness to malls.
Interval-valued intuitionistic fuzzy sets
In the fuzzy set theory, the membership of an element to a fuzzy set is a single value between zero and one. However, the degree of non-membership of an element in a fuzzy set may not be equal to 1 minus the membership degree since there may be some hesitation degree. Therefore, a generalization of fuzzy sets was proposed by Atanassov (1986) as intuitionistic fuzzy sets (IFS) which incorporate the degree of hesitation, which is defined as 1 minus the sum of membership and nonmembership degrees.
Let ≠ ∅ be a given set. An intuitionistic fuzzy set in X is an object A given by
where ̃: → [0,1] and ̃: → [0,1] satisfy the condition for every .
Hesitancy is equal to "1-(̃( ) +̃( ))".
The definition of interval-valued intuitionistic fuzzy sets (IVIFS) is given as follows. Let D ⊆ [0,1] be the set of all closed subintervals of the interval and X be a universe of discourse. An interval-valued intuitionistic fuzzy set in ̃ over X is an object having the form
where
The intervals ̃̃( ) and ̃̃( ) denote the membership function and the non-membership function of the element x to the set A, respectively. Thus, for each x ∈ X,, μ Ã (x) and ṽ Ã (x) are closed intervals and their lower and upper end points are denoted by μ AL (x), μ AŨ (x), ̃̃( ), ̃̃( ), respectively. Interval-valued intiutionistic fuzzy set ̃ is then expressed by
For each element x, we can compute the unknown degree (hesitancy degree) of an interval-valued intuitionistic fuzzy interval of ∈ in ̃ defined as follows:
For convenience,
Some arithmetic operations with interval-valued intuitionistic fuzzy sets and ≥ 0 are given in the following: Let
be two interval-valued intuitionistic fuzzy sets. Then, some of the arithmetic operations for these singleton sets are given in Eqs. (6)- (8):
Addition:
Multiplication:
Multiplication by a constant:
The necessary definitions used in the multiexpert and multicriteria fuzzy methodology are stated in the following (Xu, 2010; Chen et al., 2011):
be a collection of interval-valued intuitionistic fuzzy numbers and let IIFWA:
then IIFWA is called an interval-valued intuitionistic fuzzy weighted averaging (IIFWA) operator, where is the set of all IVIFNs, = ( 1 , 2 , … , ) is the weight vector of the IVIFNs ̃ ( = 1,2, … , ), and
. The IIFWA operator can be further transformed into the following form:
Especially if = ( 1 ⁄ , 1 ⁄ , … , 1 ⁄ ), then the IIFWA operator reduces to an interval-valued intuitionistic fuzzy averaging (IIFA) operator, where
Definition 2: Let ̃ ( = 1,2, … , )be a collection of IVIFNs. An IIFHA operator of dimension n is a mapping IIFHA:
→ which has associated with it a weighting vector ω = (ω 1 , ω 2 , … , ω n ) T with the conditions j > 0 and ∑ ω j n j=1 =1, such that IIFHA ω,w (α 1 , α 2 , … , α n ) = ∑ w j n j=1 α ̅ σ(j) (12) The weight vector of the ordered weighted aggregation (OWA) operator = ( 1 , 2 , … , ) are obtained by Eq. (13):
, j=1,2,...,n
where 
) be an intervalvalued intutionistic fuzzy set. A score function of S for ranking interval valued intuitionistic fuzzy values can be represented as follows:
where (̃) ∈ [−1,1]. The greater the value of (̃), the greater the IVIFN ̃.
Definition 4: Let ̃= ([ , ], [ , ]
) be an intervalvalued intutionistic fuzzy set. In this study, the following score function is proposed for defuzzifying ̃ :
In Eq.(17) the terms (1-c) and (1-d) convert nonmembership degrees to membership degrees while the term "√(1 − ) × (1 − )" decreases the defuzzified value as much as the magnitude of non-membership.
Fuzzy multicriteria method for real estate district selection
The used method is adopted from the study of Chen et al. (2011) . The proposed method is composed of two stages in which Stage 1 determines the weights of the criteria based on the pairwise comparison matrices while Stage 2 selects the best alternative/s based on the decision matrices. The steps of the multicriteria method are summarized in the following.
Stage 1
Step 1. Construct the fuzzy preference relation matrix composed of linguistic terms assigned from Table 2 Step 2. Convert the interval-valued intuitionistic fuzzy preference relation matrix on criteria for each expert.
Step 3. Apply the operation in Eq. (11) to aggregate each row of preference relations.
Step 4. Apply Eq. (15) to integrate experts' opinions on criteria, and express the criterion weights in the interval-valued intuitionistic fuzzy format as follows: , (20)
Step 5. Using Definition 3, rank the ̃( ) values.
Step 6. Calculate each interval-valued intuitionistic fuzzy criterion weight using Eq. (15) and substituting values in Eq. (13) . The calculated alues can be readily found in Table (1) .
Step 7. Defuzzify ̃= ([ , ], [ , ]) j=1,2,…, n by applying the score function I(.) given in Eq. (17) and normalize the obtained weights to provide the sum equal to 1.0.
Stage 2
Step 8. Collect decision matrices from experts, composed of alternatives performances with respect to criteria utilizing Table 2 .
Step 9. Apply Eq. (22) to integrate experts' opinions on alternatives performances with respect to criteria and establish the aggregated decision matrix.
where s indicates the number of experts.
Step 10. Using Definition 3, rank the ̃( ) values.
Step 11. To obtain the aggregated decision matrix, calculate interval-valued intuitionistic fuzzy values for each alternative using Eq. (15) and the readily given ω j values in Table 1 .
Step 12. Generate the performance values of each alternative by using the weights of criteria obtained in Step 7.
Step 13. Employing Eq.(17), defuzzify the performance scores of the alternatives and determine the best alternative/s.
Application
In this section, we first state the prerequisites of the purchaser related to the district selection problem for a real estate investment decision. There are six possible alternatives which are Besiktas, Kadikoy, Bakirkoy, Beykoz, Uskudar, and Sariyer since the purchaser prefers a real estate on the sea shore of Istanbul.
In Figure 1 , the hierarchy of the problem is illustrated.
In the first layer of the hierarchy, the goal is defined while in the second layer, the criteria are stated. In the last level, the alternatives are given.
In the following we apply the steps of multicriteria selection method. Fig.1 : The hierarchical structure of the problem
Step 1. The pairwise comparison matrices for the criteria using intuitionistic fuzzy sets are obtained from three experts as displayed in Tables 3, 4 and 5. Table 6 presents the aggregation results for the experts pairwise comparisons by using Eq. (11) . In this table c ij indicates ith expert's opinion for criterion j based on each individual row in the pairwise comparison matrices. Table 7 , the experts' weights are reflected to the calculations in Table 6 . Table 8 presents the final weights of the criteria and their defuzzified and normalized values by using Eq. (17). Tables 9-11 illustrate the decision matrices for three experts. The aggregated decision matrix is obtained as listed in Table 12 while in Table  13 , the fuzzy intuitionistic performance scores of alternatives are calculated and the fuzzy scores are defuzzified and normalized as in the right column of the table.
The results indicate that the best district for purchasing a real estate is Bakirkoy and it is closely followed by Kadikoy and Besiktas, respectively. In addition, the worst alternative is found as Beykoz. The ranking of the alternative are : Bakirkoy > Kadikoy > Besiktas >Uskudar >Sariyer > Beykoz .
Sensitivity Analysis
In Figure 2 , dark blue, red, green, purple, blue and orange colors represent the alternatives Besiktas,Kadikoy, Bakirkoy, Beykoz, Uskudar and Sariyer, respectively. All graphs almost indicate the same result. For the low levels of criteria weights, Bakirkoy takes always the first order. For the criteria weights between 0.20 and 0.35, Kadikoy always takes the first order. For the criteria weights larger than 0.35, Sariyer is the selected alternative. 
Conclusions
Worldwide real estate investment is a multicriteria problem including many conflicting and linguisticvalued attributes. Considering the membership and nonmembership functions as well as hesitancy provides a comprehensive evaluation of criteria and alternatives.
Integrating the experts weights to the aggregation process, the importance of past experience have been reflected into the results. Sensitivity analysis is also applied to check if there is a change in the solution when the criteria weights change. Apart from the literature, a new defuzzification method has been proposed in the study.
In this paper, specifically the district selection for real estate investment decision has been realized. For the further researches, we plan to extend the study to select a country and a city before deciding the district in the city. Besides, other fuzzy MCDM methods like TOP-SIS, VIKOR, AHP, and ELECTRE with hesitant or intuitionistic fuzzy sets are suggested to apply and compare the results obtained in this study.
